AMS/ECON 11B Class Notes — 2/21/18 UCsc

(*) Linear approximation, more generally

Our story thus far... We have already learned that given a function z = f(z,y) and a point
(0, %0), if Az~ 0 and Az = f(xg + Az,y0) — f(x0,%0) (so y is held fixed), then
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Likewise, if Az = f(zo,y0 + Ay) — f(z0,%0) and Ay ~ 0 (and x is not changing), then
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These two approximation formulas naturally lead to the question: what if both variables, x
and vy, change a little? I.e., what can we say about the change

Az = f(xo+ Ar,yo + Ay) — f(x0,Yo),
if both Az ~ 0 and Ay ~ 0 (but neither is equal to 0)?

The answer is a simple generalization of the approximation formulas above. Namely, if
Az ~ 0 and Ay ~ 0, then

0z 0z
Az = f(xo + Az, yo + Ay) — f(x0,%0) = 3| Az + a_y - Ay. (1)

This fact generalizes to any number of variables. For example, if w = g(z,y, z) and

Aw = g(xo + Az, yo + Ay, 20 + Az) — g(x0, Yo, 20),
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as long as Ax ~ 0, Ay ~ 0 and Az ~ 0.

Example. A firm produces two related goods A and B. The variables ¢4 and gp are the
quantities of these products that the firm produces each month, both measured in 100s of
units, and the firm’s joint cost function for producing these goods is

C' = 0.04¢% + 0.06¢.4g5 + 0.05¢% + 204 + 25¢p + 50,

where C' is the monthly cost, measured in $1000s.

The firm is currently producing 1000 units of A and 1000 units of B," and the current
monthly cost of production is

C| . =0.04-10>+0.06 - 10* + 0.05 - 10° + 20 - 10 + 25 - 10 + 50 = 110,
aA=
qp=10

tSo g4 = g = 10.



i.e., the firm’s monthly cost is $110,000.

The current marginal costs of products A and B are

aC
* _ O.OSQA+O.O6QB—|—20‘ — 0.8+ 0.6+20 =214
D4 | aa=10 24=10
qp=10 9B=
and
aC
s — 0.06g4 +0.1q5 + 25‘ —0.6+1+25=26.6
qp | aa=10 aa=10
qp=10 4B=
respectively.

If the firm increases the production of good A by 10 units a month and increases the
production of good B by 20 units a month, then

10 20
Ags = — = 0.1 and Agp = — — 0.2
44 = 759 = 0L and Agp =355 =0
and e e
AC~ T Aga+ T2 Agp=214-01+26.6-0.2=7.46,
9qa|as=10 94 | aa=10
qp=1 qp=1

as follows from the (more) general linear approximation formula (1). That is, the firm’s
monthly cost will increase by about $7460.00.
The linear Taylor polynomial in several variables.

We found that a function of one variable, y = f(x), can be approximated by a linear function
Ti(z) in the vicinity of any point where f(z) is differentiable. Specifically, we found that if
f is differentiable at xy and = & x(, then

f(x) = f(xo) + f'(xo)(x — o) = Ti (). (3)
The linear function 77 (z) is called the linear Taylor polynomial for f(z) centered at zy and
the graph y = T1(z) is the tangent line to the curve y = f(x) at the point (xq, f(z0)).

The approximation in Equation (3), is just another way of viewing the approximation
Ay~ — - A,
r=x0

where Ay = f(x) — f(x¢) and Az = x — xy, and we can rewrite the linear approximation
formulas (1) and (2) in the same way, as follows below.

All we have to do is rename and rearrange. First consider the linear approximation formula
(1) for the function z = f(z,y). If we write Az = x — 1z and Ay = y—yp, then 2o+ Az =z
and yo + Ay = y, then the approximation (1) can be written as

f(@,y) — f(2o,90) = fe(T0,y0) - (x — x0) + fy(anyO) (¥ — W),

(replacing the 0z/0x notation with the f, notation for convenience). Now, adding f(xq, yo)
to both sides of the approximation above gives

f(z,y) = f(wo,90) + fo(20,90) - (x — 20) + fy(20,%0) - (¥ — Yo)- (4)
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The linear function T4 (x,y) = f(zo,Y0) + fo(20,%0) - (x — x0) + fy(x0,Y0) - (y — yo) is called
the linear Taylor polynomial for f(x,y) centered at (xq,yo).

This general form of linear approximation applies to any number of variables. E.g., returning
to the three-variable function, w = g(z,y, z) and if we write zo + Ax = z, yo + Ay = y and
zo+ Az = z, so that

Ar=x—x9, Ay=y —yo and Az =z — 2,
then the approximation formula (2) can be written

9(37; Y, Z) - 9(550; Yo, Zo) ~ 91(370; Yo, Zo)(l’ - xo) +gy(3€0,3/0, Zo)(y - yo) _'_gz(an Yo, Zo)(Z - Zo)

or
9(17, Y, Z) ~ 9(370, Yo, Zo) + gz(ﬂfo, Yo, Zo)(ﬂf - xo) + gy(on; Yo, Zo)(!/ - 3/0) + gz@o, Yo, Zo)(z - Zo)-
The linear function

T1(33,3/>Z) = 9(95073/0,20)"‘%(370,%,Zo)($—$o)+9y($0,y0720)(y—y0) +gz($0>y0a20)(z_20)

is the linear Taylor polynomial for w = g(x,y,z) centered at (zo, o, 20), and linear
approximation (in three variables) can be written as

f(xvyu Z) ~ Tl(l‘,y,2>,

assuming that © ~ xg, y = yp and z ~ zj.

Example. Suppose that g(z,y,2) = ¢/22+ 2y% + 522 and that 29 = yo = 20 = 1. Then,

first of all, g(1,1,1) = /1 +2 + 5 = /8 = 2. Next,

2x
3(x2 + 2y? + 522)2/3”

0 1
Gz = a(ﬁ + 2% 4 522)1/3 = g(x2 + 292 + 52273 .21 =

and likewise,

4y d 10z
= and ¢, = .
W= 3022 1 242 + 522)2/3 9= 322 + 242 + 522)2/3
Therefore,
2-1 1 4.1 1 10-1 )
gw(l,lyl):mza, gy(l,l,l) :ng and gz(l’l’l) :mzé,

It follows that the linear Taylor polynomial for g(z,y, z) centered at (1,1,1) is

Ti(z,y, 2) :2—{—%(35— 1) —i—%(y— 1)+ g(z— 1).

1Check!



For functions of one variable, we found that we could improve linear approximation by using
quadratic approximation. Namely, if f'(z) and f”(x) are both defined at zy and

Ty(r) = flae) + Fao)w — a0) + T

then

f(z) = Ta(z)
as long as x ~ xy. To extend this idea to functions of several variables, we need to consider
the second order partial derivatives of such functions.

Higher order partial derivatives

The (first order) partial derivatives of a function z = f(z,y) are

0z 0z

fx:Zm:% and fy:Zyza—y.

The second order partial derivatives of a function z = f(z,y) are (not surprisingly) the
partial derivatives of its (first order) partial derivatives:
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Example. If z = 42® + 32%y — 22y* + 3, then its (first order) partial derivatives are

and

2

2p = 1222 4+ 6y — 2y>  and 2y = 3% — 4ay + 3y°

and its second order partial derivatives are
Zpp = 240 + 6y, 2y, =61 — 4y, 24y =6x—4y and 2z, = —4x + 6y.

Observation: In this example, 2,y = zy,.
Coincidence? ...No.
Fact:
Second and higher order partial derivatives do not depend on the order with respect

to which a function is differentiated, only on the number of times the function
is differentiated with respect to each variable.



The third order partial derivatives of a function of two or more variables are the partial
derivatives of its second order partial derivatives.

Notation: For z = f(z,y)

aforementioned fact
0%z 0%z

Rrxx = %; Reyr = Rxzy M7 etc.

Example. (continued) For z = 42° + 322y — 2zy* + y> we already know that

Zpr = 24T + 6y, 2y, =6x —4y =z, and 2z, = —4x + 6y.

SO
Rrxx = 247 Ryrx = 67 Rryx = 67 Zyyxr = _47
Zaay = 0, Zyay = —4, Zgyy = —4 and 2y, =6
Note that
Zyzz = Zapyr = Zoay = 0 and  Zyyp = Zyay = Zayy = —4,

as the ‘Fact’ predicted.



